
ASYMPTOTIC STABILITY AND FEEDBACK STABILIZATION

R.  W.  B rocke t t

Abstract .  We consider  the loca1 behavior  of  contro l  problems descr ibed

b y  ( *  =  d x / d r )

i = f ( x , u )  ;  f ( x , 0 ) = 0
o

and more speci f ica l ly ,  the quest ion of  determin ing when there ex is ts  a

smooth funct ion u(x)  such that  x  = xo is  an equi l ibr ium point  which is

asymPtot ica l ly  s table.  Our main resul ts  are formulated in  Theorems 1

and 2 be1ow. Whereas i t  n ight  have been suspected that  contro l lab i l i ty

wou ld  i nsu re  t he  ex l s tence  o f  a  s tab i l i z i ng  con t ro l  l aw ,  Theo rem I  uses

a degree- theoret ic  argument  to show th is  is  far  f rom being the case.

The posi t ive resul t  o f  Theorem 2 can be thought  of  as prov id ing an

app l i ca t i on  o f  h i gh  ga in  f eedback  i n  a  non l i nea r  se t t i ng .

1 .  I n t roduc t i on

In th is  paper we establ ish general  theorems which are st rong

enough to i rnply ,  among other  th ings,  that

a )  t h e r e  i s  a  c o n t i n u o u s  c o n t r o l  l a w  ( u , v )  =  ( u ( x r y ,  z )  r v ( x , y , z ) )

which makes the or ig in asympEot icat ly  s table for

x = u

y = v

z = x y

and that

b )  t he re  ex i s t s  no  con t i nuous  con t ro l  l aw  (u rv )  =  (u (x ry rz ) ,

v ( x , y , z ) )  wh i ch  makes  the  o r i g i n  asymp to t i ca l l y  s tab le  f o r
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x = u

y = v

z = y u - x v

The f l rs t  o f  these i rnpl ies that  the nul l  so lut lon of  Eulerrs
angular  ve loc i ty  equat ions can be made asymptot lca l ly  s table wl th two
con t ro l  t o rques  a l i gned  w l th  p r i nc ip le  axes .  ( see  [1 ,2 ) fo r  a  gene ra l
d i scuss lon ,  bu t  no t  t h i s  pa r t i cu ra r  resu l t . )  The  second  p rov ldes  a
counter  example to the of t  repeated conjecture asser t ing that  a
reasonable form of  local  contro l lab i l i ty  iurp l les the ex is tence of  a
stabi l lz ing contro l  law.  Sect ion 2 g ives cer ta in background rnater la l
in  contro l  theory.  In  sect ion 3 we formulate our  nonexistence resul t
and ln sect ion 4 we g lve a cr i ter ion for  the ex is tence of  s tabi l iz ing
con t ro l  1aws .

Sussmann [3]  g ives an example of  a system in R2which is  controrr -
abie in  a s t rong sense and yet  fa i ls  to  have a cont inuous feedback con-
t ro l  law y ie ld ing g lobal  asymptot ic  s tabi l i ty .  His example involves

both bounds on the contro ls  and nonlocal  considerat ions,  ours involves

ne i  t he r .

2.  Contro l  Systems

we intend to work local ly  in  th is  paper,  but  even so i t  is  perhaps
lrorthwhile to make a few remarks about a g1oba1 formulation. A more
de ta i l ed  and  sys teu ra t i c  accoun t  can  be  found  i n  [ 3 ] r  bu t  i n  any  case
the reader fami l i -ar  wi th contro l  theory can go d i rect ly  to  sect ion 3.

L e t  X  b e  a  d i f f e r e n t i a b l e  m a n i f o l d  a n d  1 e t  n : E - + X  b e  a  v e c t o r
bundle over  x .  Let  rx  denote the tangent  bundle of  X and let  T*TX
deno te  t he  pu l l back  o f  TX  ove r  E .  A  sec t i on  o f  n *TX  i s  t hen  an
assignment  of  a veloc i ty  vector  in  TX for  each point  in  E.  r f  we
choose a 1oca1 t r iv ia l izat i ,on of  E and p ick coordj -nates then a sect ion

Y  €  f  (E , t l *TX)  l s  equ i va len t  ( i n  an  obv lous  no ta t i on )  t o

f  ( x ,  u )

such  a  y  i s  ca11ed  a  con t ro l  sys tem.

A  s e c t i o n  o € f ( X , f )  i s  a n  a s s i g n m e n t  o f  a  p a i r  ( u , o )  c o r r e s p o n d i n g
to  each  x  and  so  l oca l l y  i t  i s  g i ven  by  a  f unc t i on  o (x ) .  we  deno te  bv

Yo  the  sec t i on  o f  f (E ,n *TX)  de f i ned  i n  coo rd ina tes  by

x =
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i  =  t ( x , u * c r ( x ) )

and say that  yo ls  obta ined f ron Y by the appl lcat lon of  the feedback

contro l  law o.  Associated wi th every contro l  system Y there ls  a vector

f i e l d  wh i ch  i s  ob ta lned  by  se t t l ng  u=0 .  Th i s  vec to r  f i e l d  w i l l  be

deno ted  by  Y -  and  i s  ca l l ed  t he  d r i f t .  We  now s ta te  a  p rec l se  p rob len .- o

G lven  Y€ f (E r r *TX)  and  xo€X  unde r  wha t  c l r cums tances  does  the re  ex i s t

o€f(X,E)  such that  xo ls  an equi l lbr iusr  point  of  Y:  whlch ls  local ly

asymptot lca l ly  s tabLe.  We cal l  th ls  the loca1 feedback stabi l izat lon

problem.

Now the f ibers of  E and the f ibers of  r*TX are both veccor  sPaces

and  so  i t  makes  sense  to  ask  i f  Ehe  napp ing  o f  f (X ,E )  x f (E ,n *TX ; *

f  (E , r *TX)  de f i ned  by  ( c , y )  l *  Vo  i s  a f f l ne  w i t h  respec t  t o  o .  I f  so

we cal l  the systeu lnput- l inear .

Observe that  input- l inear  systems have a local  descr ipt ion of  the

form

i { . ;  =  f ( x ) + r u r e r ( x )

By a standard l inear  contro l  svstem r . re understand a sect lon

y € f  ( E , I * T X )  w l t h  x = l R o ,  E = I R m x  R n  ( t h e  t r i v l a l  b u n d l e )  w l t h  . 1

belng given by

3 .

m
x = A x *  I b * u *

I I
I+I

Nonexistence of  Stabi l iz lng Contro l  Laws

There is  one s i tuat ion 1n which the stabi l izat ion problen has

been complete ly  understood for  some t ime.  We formulate the resul ts

here in  such a way as to prov ide a guide to the laEter  developments

Renark:  Consider  the standard l inear  contro l  system

x  =  A x * B u x ( t )  €  n n

A necessa ry  and  su f f i c i en t  cond i t l on

o which nakes x = 0 an asyf lp tot ica l ly

there ex is ts  a neighborhood N of  x  =

a  func t i on  o f  t ime  ua ( ' )  de f i ned  on

( * )

for  there to ex is t  a contro l  1aw

stable equi l ibr ium Point  ls  that

0 such that  for  each E € N there ls

[0 , - )  such  tha t  t he  so lu t i on  o f  ( * )
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wl th  l n i t i a l  cond l t t on  x (0 )  = f  and  con t ro l  u ( ' )  =us ' ( ' )  goes  to  ze ro  as

t  goes  to  l n f l n l t y .

Proof:  Thls condlt lon ls clear ly a necessary one slnce solut lons

star t lng near an asymptot lca l - ly  s table equt l lbr lum polnt  must  approach

I t  as t  goes to ln f ln l ty .  To see thet  th ls  condl t ton ls  suf f ic lent

one  obse rves  tha t  Range  (B rA3 r . . . rA t - lB )  l s  an  i nva r l an t  subspace  fo r

A and by change of  basis  (* )  can be l t r i t ten as

w l th  Rang"  (B . r rA l1B . r , . . . , a , l r l nu l  =  dLm x , r .  C lea r l y  t he  e igenva lues  o f

A22 trlust have negatlve real parts if x* is to go to zero as t goes to

lnf ln l ty .  0n the other  hand,  l t  is  wel l  known and easl ly  Proven that

i f  ( n ,A3 , . . . ,A t - lB )  i s  o f  r ank  n  t hen  the re  ex i s t s  an  m by  n  ma t r i x  K

such that  (A+BK) has l ts  e igenvalues ln  the open lef t  haLf-p lane.

The remark then fo l lows.

The rank condi t ion just  ment ioned is  necessary and suf f ic lent  for

r?=Ax*Bu  to  have  a  ce r ta in  con t ro l l ab i l i t y  P rope r t y .  I f  f o r  any  g l ven

pa i r  x .  and  x ,  and  any  g i ven  T>0 ,  t he re  1s  a  con t ro l  u ( ' )  de f i ned  on
/

[ 0 r T ]  s u c h  t h a t  u ( ' )  s t e e r s  ( * )  f r o m  x ,  a t  t = 0  t o  x ,  a t  t = T  w e  s a y

thaE the contro l  system (*)  ls  contro l lab le.  The rank condi t ion is

necessary and suf f ic ient  for  contro l labt l i ty  in  th is  sense.  A shor t

sur i lnary of  a l l  th is  reads as fo11ows.  The nu1l  so lut ion of  (* )  is

stabl l izable i f  an l l . -qnlv  i f ,  a l l  the nodes associated wi th e iFenvalues

w i th  non -nega t i ve  rea l  pa r t s  a re  con t ro l l ab le .

I t  is ,  in  v iew of  th is  background,  not  complete ly  unreasonable to

hope that  for  nonl inear  systens such as

f  ( x )  +  I u .  g .  ( x )

someth ing  s im i l a r  m igh t  happen .  A  spec i f l c  ques t i on  i n  t h i s  d i rec t i on

i s ,  t ' I f  eve ry  i n i t i a l  s ta te  1n  a  ne ighbo rhood  o f  xo  can  be  s tee red  Eo

x  by  a  con t ro l  de f i ned  on  [0 r * )  does  the re  necessa r i l y  ex i s t  a  f eed -

back contro l  law which makes xo asymptot ica l ly  s table?"  In th is  paper

we show that  the anst /er  is  no provided that  we want  a contro l  law wi th

some smoothness.  In  general  we need someEhing more than just  a
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con t ro l l ab i l t t y  cond l t l on  s i nce ,  as

steer  the t ra jectors to zero cannot

smooth way.

We nentlon one more well- known fact. If we have

x  =  f  ( x r u ) f ( 0 , 0 )  =  0

wl th  f ( . , . )  con t i nuous l y  e i f f e ren t l ab le  w i t h  respec t  t o  bo th  a rgumen ts '

a n d  i f  w e  d e f l n e  a =  ( 3 f / 0 x ) o  a n d  B = E f / E u ,  t h e n  t h e  c o n t r o l  s y s t e n

x = A x + B u

is  ca l l ed  t he  l i nea t i zed  sys tem a t  (0 ,0 ) '  I f  Ehe  l l nea r i zed  sys tem

s a t i s f i e s  t h e  c o n d i t i o n  R a n k  ( B r A B , . " , A t - l B )  = n  t h e n  t h e r e  e x i s t s  a

l inear  contro l  lar , r  u=Kx such that  A*BK has i ts  e igenvalues in  the

open  l e f r  ha l f - p l ane .  Moreove r ,  i f  we  reca1 l  t ha t  ; =? ( * )  w i t n  ? (O)  =O

has 0 as an asymPtot ica l ly  s table equi l ibr ium Point  prov ided the

eigenvalues of  (Ef /0x)  have real  Par ts  which are negat ive '  then we see

tha t  f eedback  s tab i l l za t i on  i s  poss ib le  f o r  i =  f ( x ,u )  p rov ided  the

l lnear ized system 1s contro l1able.  In  v iew of  the previous d iscusslon

th i s  can  be  s ta ted  s t i l l  mo re  p rec i se l y .  The re  ex i s t s  a  s tab i l i z i ng

con t ro l  l aw  fo r  x  =  f ( x ,u )  w i t h  f ( 0 ,0 )  =  0  P rov ided  the  gns tab le  nodes  o f

lhe l lnear

control lafr if the l inearized svstem has-an unglable mode which- is

uncontro l lab le.  The negat ive resul t  here depends on the wel l  knom

resul t  o f  L iapunov asser t ing that  an equl l ibr ium point  is  unstable i f

(Ef /Ox)  at  lhat  point  has any e igenvalue wi th a real  Par t  which is

pos i t i ve .

F r o m t h e s e r e m a r k s w e S e e t h a t i n s o f a r a S l o c a l a s y m P t o t l c

stabi l i ty  is  concerned,  the only d i f f lcu l t  problems involve cases where

(3f /3x)  has e igenvalues on the iuraginary ax is  whlch correspond to

uncontro l labte modes of  the associated l inear ized systems and a l l

o ther  uncontro l lab le modes of  the l inear ized system correspond to

asymptot ica l ly  s table behavlor .  In  the study of  s tabi l i ty '  the cases

where (8f /Ex)  has one or  more e igenvalues wi th a real  par t  which

vanishes at  the equi l ibr ium point  are cal led cr i t lca l  cases.  The

s tudy  o f  t he  c r i t i ea l  cases  i s  s t i l l  f a r  f r om comp le te '  (See ,  e ' 8 '  t he

remarks  o f  A rno ld  i n  [  5 ] '  page  59 ) .  We  a re  t hen ,  i n  t h i s  PaPer '

pr iurar i ly  concerned wi th understanding cer ta in features of  the cr i t ica l '

we  w i l l  see ,  t he  con t ro l s  wh l ch

always be Patched together  1n a

I
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cases .

The fo l lowlng theoren g lves a necessary eondi t lon for  the ex is-
tence of  a s tabl l iz ing contro l  raw which,  under ( i )  and ( i i )  sumrnpr izes
our prev ious d lscussion and ln ( i l i )  in t roduces a new element  which
is  decls lve as far  as large crass of  problens,  lncruding the second
example of  the in t roduct lon,  are concerned.

T h e o r e m  1 :  L e t  x = f ( x , u )  b e  g l v e n  w i t h  f ( x o r O )  = 0  a n d  f ( . , . )  c o n t l _
nuous l y  d l f f e ren t i ab re  i n  a  ne lghbo rhood  o f  ( xo r0 ) .  A  necessa ry
condl t ion for  the ex ls tence of  a cont inuousl -y  d i f ferent iable contror
1aw wh ich  makes  ( xo ,0 )  asyup to r i ca l l y  s tab le  i s  t ha t :

( i )  the l inear lzed system shourd.  have no uncontro l lab le modes
associated wi th e igenvalues whose real  par t  is  posi t ive.

( i i )  t he re  ex i s t s  a  ne ighbo rhood  N  o f  ( xo ,0 )  such  tha t  f o r  each

E € N  t h e r e  e x i s r s  a  c o n t r o l  u r ( . )  d e f i n e d  o n  [ 0 , - )  s u c h
tha t  t h i s  con t ro r  s tee rs  t he  so lu t i on  o f  *= f ( x ,u r )  f r ou r
x = f  a t  t = 0  t o  * = * o  a t  t = o .

( i l i )  the rnapping

Y : AxIRm -r Rn

def ined by

conta in ing

Y
n

:  ( x ,u )  F+  f ( x ,u )  shou ld  be  on to  an  open  se r

P roo f :  we  p rove  the  necess i t y  o f  ( i i i ) ,  t he  necess i t y  o f  ( i )  and  ( i i )
hav ing  been  exp la ined  above .  r f  xo  i s  an  equ i l i b r i um po in t  o f  i =a (x )
which is  asymptot ica l ly  s table we know f ron the work of  wi lson [6]  that
t he re  ex i s t s  a  L iapunov  func t i on  v  such  tha t  v  i s  pos i t i ve  f o r  x l xo ,
van i shes  "a  *o ,  i s  con t i nuous l y  d i f f e ren t i ab le ,  and  has  l eve l  se t s
v  

' ( o )  
wh i ch  a re  homotopy  sphe res .  The  compac rness  o f  , - 1 (o )  i np l i es

tha t  t he re  ex i s r s  c  and  €  >  0  such  rha r  on  . , r - 1 (o )  
,  l lAv /E* l  I  . 1 /€  and

< D v / D x , a ( x ) > < - € .  T h i s  i n p l i e s  r h a r  i f  l l q l l  i s  s u f f i c i e n t l y  s n a 1 1  t h e
vec to r  f  i e l d  assoc ia ted  w i th  x  =  a (x )  *  {  po in t s  i nward  o . ,  . , , r - 1  

1o ; .
B y  e v a l u a t i n g  a t  t i m e  t = 1  t h e  s o l u t i - o n  o f  x = a ( x ) + {  w h i c h  p a s s e s
t h r o u g h  x  a t  t = 0 ,  w e  g e t  a  c o n r i n u o u s  m a p  o f  { x l r ( * )  < o i  i n t o  i t s e l f .
Apply ing the Lefschetz f ixed point  formula we see that  th is  urap has a
f i xed  po in t  wh i ch  mus r  be  an  equ i l i b r i um po in r  o f  i  =  a (x )  +  6 .
Al ternat ive ly ,  we could use a vers 'on of  the poincar5-Hopf  Theoren
wh ich  app l i es  t o  man i fo lds  w i t h  bounda ry  ( see  [7 ] ,  page  41 )  t o  f i n i sh
o f f  t he  p roo f  .  Th i s ,  i n  t u rn ,  i r y l i es  t ha t  we  can  so l ve  a (x )  =  6



for  a l l  6  suf f lc lent ly  srnal l .

a ( x )  =  f ( x , u ( x ) )

l -8 T

Now lf

as  an  equ l l i b r i um po ln t ,

c lear ly  necessary that  E

is to have

s tab le ,  1 t

x

1 S

and i f  xo ls  to  be asymPtot ica l lY

= f  (x ,u)  be solvable for  f  srnal l  .

Remark:  I f  the contro l  system is of  the form

x ( t )  € N c n nf  (x )  +  Iu .  g ,  (x )

then condi t ion ( i i i )  impl ies that  the stabi l izat ion problem cannot  have

a  so lu t i on  i f  t he re  i s  a  smoo th  d i s t r i bu t i on  D  wh ich  con ta ins  f ( ' )  and

g 1 ( . ) , . . . , 8 r ( ' )  w i t h  d i m  D < n .  O n e  f u r t h e r  s p e c i a l  c a s e :  I f  w e  h a v e

i  =  1 " . e .  ( x )
L - 1

x ( t )  € N c R n

with the vectors Bi  (x)  being l inear ly  independent  at  xo then there

ex i s t s  a  so lu t l on  t o  t he  s tab i l i za t i on  p rob le rn  i f  and  on l y  i f  m=n .

In th is  case we must  have as manv contro l  parameters as we have

d imens ions  o f  X .  O f  cou rse  the  ma t te r  i s  conp le te l y  d i f f e ren t  i n  Ehe

s e t  { g r ( x o ) }  d r o p s  d i m e n s i o n  p r e c i s e l y  a t  x o .  I n  t h i s  s e n s e '  d i s t r i -

bu t i ons  w i th  s i ngu la r i t l es  a re  t he  on l y  i n te res t i ng  k i nd .

Remark:  There is  no stabi l iz ing c o n t r o l  l a w  f o r  i = t ,  Y = V ,  z = x v - Y u .

(1 )  and  ( i i )  o f  t he  t heo rem,  bu t  i tTh i s  sys tem sa t i s f i es  cond i t i ons

f a i l s  t o  s a t i s f y  c o n d i t i o n  ( i i i )

Ex i s tence  o f  S tab i l i z i ng  Con t ro l  L

As  men t i oned  above ,  1n  the  s tudy  o f  asymp to t i c  s tab i l i t y  o f  t he

n u l l  s o l u t i o n  o f  * = t ( " ) ;  f ( 0 )  = 0  o n e  s i n g l e s  o u t  f o r  s p e c i a l  a t t e n t i o n

t h e  c r i t i c a l  c a s e s ,  i . e .  t h o s e  f o r  w h i c h  ( 3 f / 3 x )  h a s  a n  e i g e n v a l u e  w i t h

a  ze ro  rea l  pa r t .  L i apunov  showed  tha t  i n  a  nonc r i t i ca l  s i t ua t i on

the re  a lways  ex i s t s  a  quad ra t i c  f unc t i on  whose  de r i va t i ve  i s  nega t i ve

de f i n i t e  i n  a  ne ighbo rhood  o f  ze ro .  I n  f ac t ,  i t  may  be  chosen  so

that  the der ivat ive has a leading term which is  a negat ive def in i te

quad ra t i c  f o rm .  I n  such  cases ,  be  they  s tab le  o r  uns tab le ,  t he re

ex l s t s  i n  a  ne ighbo rhood  o f  0  a  f unc t i on  v ( x )  such  tha t  <Ev /Ex , f ( x )>

x =
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is  negatLve for  x  I  0  and which has the fur ther  property  that  i t  remains
negat lve def in i te  for  some reasonable c lass of  per turbat ions.

C o n s l d e r  t h e  c o n t r o l  s y s t e m  x =  f ( x , u )  w i t h  f ( x o , 0 )  =  0 .  W e  w i l l
say that  th is  system has f in i te  gain at  xo l f  there ex is ts  a funct ion
v ( ' )  mapp ing  a  ne ighbo rhood  o f  xo  i n to  rR  sueh  tha t  v ( xo )  i s  0 ,  v ( x )  >o

for x I x and for some k
U

< 3 v / 3 x , f  ( x , u ) >  <  - 0 ( x )  * k ( u , u )

;

I{x
L*

w i th  0 (x )  >  0

Remark: Note

fx (0,0) and f  
, ,

a n d 0 o n l y w h e n X = x ^ .

tha t  i f  S  i s  con r i nuous l y  d i f f e ren t i ab le  w i t h  f ( 0 r0 ) ,

(0 ,0 )  a l l  ze ro  t hen

x  =  A x * B u * f  ( x , u )

has f in i te  gain at  zero provided the e igenvalues of  A have negat ive

r e a l  p a r t s .  ( l r l e  c a n  t a k e  v ( x )  = x r Q x  w i t h  Q A + A r Q = _ I . )  M o r e
gene ra l l y ,  i f  ; = f ( x )  has  ze ro  as  an  asymp tb t i ca l r y  s tab le  equ i l i b r i um
p o i n E  t h e n  i = f ( x ) + u g ( x )  h a s  f i n i t e  g a i n  a t  z e r o  p r o v i d e d  t h a t  t h e r e
ex i s t s  a  L iapunov  func t i on  v ( x )  f o r  x= f ( x )  whose  ra te  o f  decay
sat is f ies , ]  < -urrP*2,  M > 0,  r^r i th  <Vr,g>/vP/2 bo,r r rd.d in  a neighborhood

o f  (0 ,0 ) .  To  es tab l i sh  t h i s  l as t  asse r t i - on  we  no te  t ha t  se t t i ng
28  =  <Vv ,g> /v  a l1ows  us  t o  w r i t e

I v , u ]
< V v , f  ( x ) + u g ( x ) >  - k u 2 [ -0,"0 ul l - "1

I u --J ["J
and th is  guadrat ic  form can be made

la rge  enough .

We now use th is  def in i t ion to

c a s e s .

negat ive def in i te  by tak ing k

s tudy  s tab i l i t y  i n  some  c r i t i ca l

Lennna:  Consider  the coupled d i f ferent ia l  equat ions

A x * B y + g ( x , y )

h  ( x , y )

x =
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w l t h  g ( ' , ' ) ,  h ( . r . ) ,  s * ( . , . )  a n d  g y ( . , . )  a l l  c o n t l n u o u s  t n  a  n e i g h b o r -

hood of  (0,0) .  Suppose that  the e igenvalues of  A have negat lve real

pa r t s  and  suppose  tha t  g ,  h ,  g *  and  g ,  a l l  van l sh  a t  ( 0 ,0 ) .  Le t  r p  be

the  con t l nuous  so lu t i on  o f  A r f ( y )  +By*g (0 (V ) , y )  =  0  wh l ch  van i shes  a t

y=0 .  Then  th i s  pa l r  o f  equa t i ons  has  (0 ,0 )  as  an  asymp to t i ca l l y

s tab le  c r l t l ca l  po in t  p rov ided  i  =  f r ( " - r r<y ) , y )  has  f i n l t e  ga in  a r  y  =  9 .

P r o o f :  C h a n g e  v a r i a b l e s  a c c o r d i n g  t o  i = x - 0 ( y ) ,  i = y .  T h e n

. l -ji ; = ni + eU (i) + Bi + s (i+rp 1!y ,;,CIE

= ei+ e(i+rp1;y ,i) - g(i',i)

=  A x  +  g ( x , y ;

where  !no t  on ly  van ishes  together  w i th  i t s  f i r s t  der iva t ives  a t  i=0 .

y  =  0  bu t ,  in  fac t ,  van lshes  when ?= 0 .  We have,  then

d -
i  x  =  A x + g ( x , y )
clE

d -* v = rr tx-r l ( i ) , i )
d t  '

Let  n be the L iapunov funct lon which establ lshes the f in i te  gain

property  for  the i  equat ion.  Using the L iapunov funct ion

v(x )  =  o i 'q i+n( i l

w h e r e  q i + i t Q = - 1 ,  w e  c o m p u E e

v = -c<;,;> +<Q;,E(i, i)t

+ <vn,h(;-v( ; )  , ; )

, N  
- t

Since B(x,y)  is  second order  and vanishes wt^en x does o<xrx>

dominates the second term and by v i r tue of  the f in i te  gain hypothesis ,

t he  l e f t - hand  s ide  i s  nega t i ve  de f i n i t e  f o r  a  su f f i c i en t l y  l a rge .

Asymptot ic  s tabi l i ty  then fo l lows f rom standard L iapunov arguments.

Not ice that  the ef fect  of  th is  lernma is  to reduce the study of

the stabi l i ty  problem to the study of  a lower d iuensional  problen ( the

I  equat lon)  by e l i rn i .nat ion of  the "uninterest ing"  noncr i t ica l  par t .



*
I
I

This can a lso be

t t r "  i  par t  goes

occurs much more
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i .nterpreted in  Eerms of

quick ly  to zero whereas

slowly ln  the mani fo ld

t ime  sca les .  The  so lu t i on  o f

the !  represents mot lon whlch

d e f i n e d  b y  ? = 0 .

Remark:  I f  there ex is ts  a contro l law whlch makes x = 0 an asymptoti- '

ca l l y  s tab le  equ l l i b r i um po in t  f o r

x  =  A x * B u

then there ex is ts  a contro l  law which makes xo an asymptot ica l ly

s tab le  c r i t i ca l  po in t ,  p rov ided  ko  *Buo  =  0  can  be  so l ved  fo r  uo .  I n

fact ,  i f  u  = Kx grakes x = 0 an asynptot ica l ly  s table equl l ibr ium point

t hen  u=Kx+u^  makes  x^  an  asymp to t i ca l l y  s tab le  equ i l i b r i u rn  po in t .
o o

Thus i f  x  = 0 can be made asynptot ica l ly  s table then there is  a whole

subspace U = {x  I  Rx e Range B} of  points which can be made asymptot ieal ly

s tab le .  I nc iden t l y ,  i n  v i ew  o f  pa r t  ( i i i )  o f  t heo rem 1  we  see  tha t  we

can  app l y  Sa rd f s  t heo rem to  conc lude  someth ing  s i rn i l a r  f o r  i c= f ( x ,u ) .

Namely,  i f  there ex is ts  a feedback contro l  1ar^r  which makes x= 0

asymptot ica l ly  s table then for  some neighborhood N. ,  of  i  =  0 and some

n e i g h b o r h o o d  N  o f  x = 0  f o r  a l l  6 € N r ,  e x c e p t  a  p o s s i b l e  s e t  o f  m e a s u r e

z e r o ,  { ( x , u ) l f ( x , n )  = 6 } n N  d e f i n e s  a  n a n i f o l d  i n  ( x , u )  s p a c e .

The idea behind the fo l lowlng theorem is  that  i t  makes sense to

div ide up the quest ion of  f ind ing a stabi l iz ing contro l  law into two

parts ,  one being the choice of  a s low mode behavior  which is  asymp-

tot ica l ly  s table on a submani fo ld and the other  being the choice of  a

l inear  contro l  law to dr lve the systen to.  the s low mode regime.

Theorem 2:  Let  f  and g be cont inuously d i f ferent iable in  a neighbor-

h o o d  o f  ( 0 , 0 , 0 ) ,  a n d  s u p p o s e  t h e y  v a n i s h  a t  ( 0 , 0 , 0 )  t o g e t h e r  w i r h

the i r  f i r s t  de r i va t l ves .  A  su f f i c i en t  cond i t i on  f o r

i  =  e " * F y * B u * f ( x , y , u )

y  =  C y * g ( x , y , u )

t o  be  s tab i l i zab le  a t  ( 0 r0 ,0 )  i s  rha t  t he re  ex i s t  a  pa i r  (K ,uo ( . ) )  such

that  A *  BK has i ts  e igenvalues in  the open lef t -hal f -p lane and for

0 the cont inuous solut ion of  (A+Bx)r l (y)  *  Fy *  nuo ( l )  + 0(V(v)  ,y ,  uo (Y)

+ KQ(y))  = 0 which vanishes ar  0

\
s
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T
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I
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y = cy + e(x- ! , (y)  ,y ,uo(y)+KU(y)  )

I  t ras a f ln l te  gain at  (0,0)  wl th x  regarded as the lnput .

Proof :  This  ls  an l rnnedlate appl lcat lon of  the lenma wl th u belng

taken to be Kx *  u (v) .

Remark:  To apply th is  to the f l rs t  example of  the ln t roductLon'
. . . ?
x = u ;  y = v ;  , - * y r w e  l e t  u = - x l z ,  v = - y - z  T h e  s 1 0 w  m o d e  e q u a t i o n  i s

. ? 7 2
t h e n  z  = - z ' * x 2 ' - y 2 - x y  a n d  r 1 ( z ) = z -  s h o w s  t h a t  t h i s  e q u a t i o n  h a s

f ln i te  galn at  0.
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